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We studythealgebraicgeometricalbackgroundofthePenner—Kontsevichmatrix modelwith
thepotentialNa tr[ — ~AXAX+log( 1 — X) + X]. We showthatthis modeldescribesintersec-
tion indicesoflinearbundleson thediscretizedmoduli spacejust in the samefashionasthe
Kontsevichmodelis relatedto intersectionindices(cohomologicalclasses)on Riemannsur-
facesofarbitrarygenus.Thespecialroleofthelogarithmicpotentialoriginatingfrom thePenner
matrix modelis demonstrated.Theboundaryeffects, whichwerenot essentialin the caseof
theKontsevichmodel,arenow relevant,andtheintersectionindiceson thediscretizedmoduli
spaceof genusgareexpressedthroughKontsevich’sindicesof genusgandof thelowergenera
usingastratificationprocedure.
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1. Introduction

The last threeyearsof developmentin matrix modelsinitiated by refs. [1]
haverevealedmanyapplicationsofthesemodelsin variousbranchesof mathe-
maticalphysics: two-dimensionalquantumfield theory,intersectiontheoryon
themoduli spaceof Riemannsurfaces,integrablehierarchies,matrix integrals,
randomsurfacesandothers.The approachof refs. [1], wheretheexplicit solu-
tion was presented,dealswith triangulatedRiemannsurfaceswhereanytrian-
gulationdeterminessomesingularmetric obtainedby the arrangementof equi-
lateraltriangles.Onemaythink thatwhenthenumberoftrianglestendsto infinity
thesesingularmetricsapproximate“random metrics” on the surface. These
triangulationswerepresentedby ahermiteanNxN one-matrixmodel

Jexp(trP(X))DX, (1.1)

whereP(X)= >~,,T,, tr X”, T~beingtimesfor theone-matrixmodel.For thissys-
temdiscreteTodachainequationshold with an additionalVirasorosymmetry
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imposed[21. In thelimit N—~x theKorteweg—deVriesequationarises.Thepar-
tition functionof two-dimensionalgravity for thisapproachisaseriesin an infi-
nitenumberof variablesandcoincideswith thelogarithmof someir-function for
theKdV hierarchy.

Anotherapproachto two-dimensionalgravity is to evaluatethe integralover
all classesofconformallyequivalentmetricsonRiemannsurfaces.It maybe rep-
resentedasanintegraloverthefinite-dimensionalspaceof conformalstructures.
This integralhasacohomologicaldescriptionas an intersectiontheory on the
compactifiedmoduli spaceof complexcurves.EdwardWitten presentedcom-
pelling evidencefor a relationshipbetweenrandomsurfacesandthe algebraic
topologyof moduli space[3,4]. In fact, hesuggestedthat theseexpressionsco-
incidesincebothsatisfythe sameequationsof theKdV hierarchy.It wasMaxim
Kontsevichwho proved this assumption[5]. Surprisingly, he explicitly pre-
sentedanewmatrix modeldefiningexactlythe valuesof the intersectionindices
or, in the languageof 2D gravity, correlationfunctionsof observables~ of the
type

(1.2)

where<...>~denotestheexpectationvalueon a Riemannsurfacewith ghandles.
Thenthestringpartitionfunctionx ( t) hasan asymptoticexpansionofthe form

t(1)=exp ~ (ex~~invn), (1.3)
g=O g

andit is a r-functionof theKdV hierarchytakenatapointof the Grassmannian
whereit is invariantundertheactionofthesetofVirasoroconstraints:,2~r(t)= 0,
n~ — 1 [6—9].One might saythat the Kontsevichmodel is usedto triangulate
moduli space,whereasthe original modelstriangulatedRiemannsurfaces(see,
e.g.,ref. [10]).

The generalizationof the Kontsevich model, the so-called Generalized
KontsevichModel (GKM) [11], is relatedto the two-dimensionalTodalattice
hierarchyandit originatedfromtheexternalfield problemdefinedby theintegral

Z[A;N]= J DXexp{Ntr(AX—V0(X))}, (1.4)

where V0(X)= >~,t. tr X~is somepotentialand t,, are relatedto times of the
hierarchy.Thismodel is equivalentto theKontsevichintegralfor V0(X)—~trX

3.
To solve the integral (1.4) onemayusethe Schwinger—Dysonequationtech-
nique [121 written in termsof eigenvaluesofA. TheKontsevichmodelwassolved
in the genusexpansionin refs. [8,13] for genuszero (planardiagrams)andin
ref. [14] for highergenus.

Recently,the Kontsevich—Pennermodelwasintroduced[15]. TheLagrangian
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of thismodelhasthe following form:

~[A]= $ DXexp(Ntr{—~AXAX+a[1og(l+X)—X]}),

A=diag(A,,...,AN). (1.5)

This model maybe readily reducedto (1.4) with Vo(X)=—X2/2+alogX.It
was solvedin thegenusexpansionin refs. [15,16]. It was shownin refs. [17,18]
that it is in fact equivalentto the one-matrixhermiteanmodel (1.1) with the
generalpotential

P(X)=~T~trX”, (1.6)

of whichthetimesT~aredefinedby akind ofMiwa transform(~=A — aA ‘):

T~=n’tri~”—~NJ~
2forn?~l, T0=trlog~~’. (1.7)

Thus the Kontsevich—Pennermodelmaybe treatedasan intermediatelink be-
tween2D gravity describedby the Kontsevichmodel andthe randomsurface
technique.

Indeed,aswe shalldemonstrate,this new modeldescribesin avery natural
way theKontsevichindicesfor thecaseof discretizedmoduli space.If wedisre-
gardthemoduli spaceboundaryeffects (whicharerelevantin thismodel),then
thecoefficientsof expansionarejust the Kontsevichindices,but sincewe deal
with theclosureofthe moduli space,the answeris tunedin awayto incorporate
the Riemannsurfaceswhich areboundarycomponentsunderthe Deligne and
Mumford reductionprocedure[19]. Ontakingthe scalinglimit (butkeepingN
finite), wegetjust the Kontsevichmodel. On the otherhand,usinganotherre-
scalingweobtainthePennermodeldescribingvirtual Eulercharacteristicsof the
moduli spacevia thecell decomposition.Thus,thismodelprovidesabridgebe-
tweenHarer,ZagierandPennertheory [20,211describingvirtual Eulercharac-
teristicson moduli space,andtheKontsevichtheorygiving intersectionnumbers
of stablecohomologyclassesonthemoduli space.

2. Thegeometricapproachto the Kontsevichmodel

In hisoriginalpaper[51Kontsevichprovedthat

di~=OT’l

2”° 2
= ~ (2.1)
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wherethe objectsin angularbracketson the left-handsideare (rational)num-
bersdescribingintersectionindices,the sumon the right-handsiderunsover all
orientedconnectedtrivalent “fat graphs”F, s labelsboundarycomponents,re-
gardlessof thegenus,n0 is thenumberof verticesof F, the productrunsover all
theedgesin thegraphand#Aut isthevolume of thediscretesymmetrygroupof
thegraphF.

Theamazingresultof Kontsevichis thatthequantityontheright-handsideof
(2.1) is equalto afreeenergyin thefollowing matrix model:

f,4V i Is AV2L.t~+ v3\
FN(A) — ~ exp~,—2 Lr~ ~ 61 Lr ~ (2 2)

— 5 dXexp( — ~trAX
2)

whereX is an Nx Nhermitianmatrix andA= diag(A,, ..., AN). The distinctive
featureof expression(2.1) is thatin spiteof the fact thateachselecteddiagram
hasthe quantity (A

1+A1) in the denominator,whentakingasumover all dia-
gramsof thesamegenusandthesamenumberofboundarycomponentsall these
quantitiescancelwith theonesfrom thenominator.

Feynmanrulesfor the Kontsevichmatrix modelare the following: as in the
usualmatrixmodels,we dealwith so-called“fat graphs”or “ribbongraphs”with
propagatorshaving two sides, each carrying a correspondingindex. The
Kontsevichmodeldiffers from the standardone-matrixhermitianmodelsince
thereappearadditionalvariablesA, associatedwith index loopsin thediagram,
thepropagatorbeingequalto 2/ (A,+ A,),whereA~ A~arevariablesof thetwo
cycles (perhapsthesamecycle)which thetwo sidesof the propagatorbelongto.
Also therearetrivalent verticespresenringthecell decompositionofthe moduli
space.

It is instructive to considerthe simplestexampleof genuszero and three
boundarycomponents,which wesymbolicallylabelA,, A2 andA3. Therearetwo
kindsof diagramsgiving a contributionin this order (fig. 1). The contribution
to thefreeenergyarisingfrom this sumis

1 if 1
6(A,+22)(A1+A3)(A2+A3) ~3l4A,(A2+A1)(A3+A,)

~

— 2A1A2A3+A2A3(A2+A3)+A1A3(A,+A3)+A,A2(A1 +A2)

— 12A1A2A3(A,+A2)(A,+A3)(A2+A3)

= 12A1A2A3’ (2.3)

1/6 +1/2 ~ +pcrm.

Fig. 1. Theg=0,s=3contributionto theKontsevichmodel.
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Thisexampledemonstratestheabovementionedcancellationsof (A1+A~)-terms
in the denominator.

Nowasketchof Kontsevich’sproofis in order.Letusassociatewith eachedge
e, of afat graphits length1~>0.We considerthe orbispace I~O,~nbof fat graphs
with all possiblelengthsof edgesandarbitraryvalencesof vertices.Two graphs
areequivalentif thereexistsan isomorphismbetweenthem.Let usintroducean
importantobject, thespaceof (2,0)-meromorphicdifferentialsw( z) dz

2on a
Riemannsurfacewith g handlesandn punctures;the only polesof w(z) are n
doublepoles placedat the punctureswith strictly positivequadraticresidues
p~>0 (i= 1~..., n). It is Strebel’stheorem[22] which claimsthat the natural
mappingfrom .,.Y~,”to the moduli spaceJ1~.,,xR~,whereR~.is the spaceof
residues,Pj>O beingperimetersofcycles,is ahomeomorphism.Thus, varying1~
andtakingthecompositionof all graphswespanthewholespaceJ(g,~~XF~.

EachcyclecanbeinterpretedasaboundarycomponentI~of theRiemannsur-
facesincein theStrebelmetric it canbepresentedasahalf-infinite cylinderwith
thepunctureplacedatinfinity. Its boundaryconsistsof afinite numberof inter-
vals (edges).We considerasetof line bundles2 whosefiberatapointZ�Jig,fl

is the cotangentspaceto the puncturepointx, on the surfaceZ. The first Chern
classof theline bundle.2~admitsarepresentationin termsof the lengthsof the
intervals1,,. Theperimeteroftheboundarycomponentisp

7= l~,and

c,(2~)=E d(l~/p1)Ad(lb/Pe) , (2.4)
a,bEII
a.<b

wherecyclic orderingis assumed.Following Kontsevichwe introducethe two-
form £�

Q= ~ ~p~c,(5é). (2.5)

The intersectionindices aregeneratedby integralsover the appropriatepower
d=3g—3+n oftheformQ:

I fld__ I r 2 ~ L 2 ia,\ld
~ J •~ — d’ J tPiCi~_z~ii-r- ~

n 2d7

= E flj<tdi”~Td,,>g. (2.6)
Zdj=di=I d,.

Oneimportantnoteis in order.It is atheoremby Kontsevichthat theseintegra-
tionsextendcontinuouslyto theclosureof themoduli spaceJigfl following the
procedureby DeligneandMumford [191,andthe properintegrationgoesover
Jig,,, xP~. (Thismeansthatwedealwith astablecohomologicalclassof curves.)
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TakingtheLaplacetransformoverthevariablesp weget

Jdp1~ (2.7)

for the quantitiesstandingon the right-handsideof (2.6).Ontheleft-handside

wehave

J$dp,A.Adp~e~’Je’~, (2.8)

anddueto cancellationsof all p~multiplierswith p’s in denominatorsof the
form Qweget

C~dPiA~”AdPnCfJAdla. (2.9)

Surprisingly,theconstantcdependsonly on theEulercharacteristicofthe graph
F, c=2_c,,c=2—2g=#vertices—#edges+n. Thuswehave

“ (2d1—l)!!
~ Ii ~2d~+1

1d1=di=1 “-I

= ~#AUtFJ [d/]exp(~la(2~+A~2))). (2.10)

HereA~’~and~ are variablesof two cyclesdivided by the ctth edge.Integra-
tionoverall dlagivesuseventuallyrelation (2.1).

3. ThePenner—Kontsevichmodel

Now let usturnto thecaseof thePenner—Kontsevichmodel(PKmodel).Un-
like theKontsevichmodel, it includesall powersof X~in the potentialsinceit
describesthepartitionof moduli spaceinto cellsof asimplicialcomplex,the sum
running over all simpliceswith different dimensions.(In the languageof the
Kontsevichmodel,the lower thedimensionis, the moreandmoreedgesof the
fat graph are reduced.)Then the virtual Euler characteristicis obtainedby
weightingthesimplicesby

(_l)~~F/IGFI, (3.1)

where GF I denotestheorderof astabilizerofthesubgroupof the mappingclass
group,thatis, theorderofthesymmetrygroupofthe correspondingfat graph.It
is the Pennermodelwhichgives theanswerforthesumoverF in (3.1) asafree
energyfor amatrix model[2 1,23]:
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~ l’~”~ f
~ Nt~~~” ‘ / =log J dXeNttr[Iog(l_X)+Xl , (3.2)
F IGFI

wheren isthenumberof punctureson agenusgRiemannsurface.Expansionof
the free energyofthis model in N andt revealslogarithmiccorrections,whichis
afeatureof c= 1 theories.

We find theFeynmanrulesfor theKontsevich—Pennertheory (1.5). First, as
in the standardPennermodel,we haveverticesof all ordersin X. Dueto rota-
tional symmetry,thefactor1/n standingwith eachX” cancels,andonlythesym-
metrical factor (3.1) survives.Moreover,thereis a factor (— a) standingwith
eachvertex. As in theKontsevichmodel,therearevariablesA- associatedwith
eachcycle.But theform ofthepropagatorchanges,insteadof 2/ (A7+A3) wehave

Let usconsiderthesamecase(g=0, n = 3) as forKontsevichmodel. Onead-
ditionaldiagramresultingfromthevertexX

4 arisesandgivesacontributionwith
oppositesign (fig. 2). Thiscontributionis (symmetrizedover2,,22 andA

3):

ii a
—-~ +perm.

3 ~2(A1A2+a)(2,A3+a)

a
2

+ 6(A,A
2+a)(A,A3+a)(A2A3+a)

+~{2(A2+a)(AA~a)(AA3+a) +Pefln.}. (3.3)

Againcollectingall termsweget

6H1<1(A1A~+a){— EA1Aj—2a

(A2A3+a+A,A2+a A,A3+a\l 3
A~+a + A~+a)J’ (.4)

andaftera little algebraweobtainthe answer:

—A,A2—A1A3—A223+aF03=a3(22+)(A2+)(A2+) . (3.5)

We seethathere,justas in the standardKontsevichmodel,cancellationof inter-

1/6 +1/2 —1/2 +p~rm.

Fig.2. g=0,s=3contributionto thePenner—Kontsevichmodel.
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twining termsin thedenominatoroccursleadingto factorizationof theanswerin
1 / (A~+a) terms.It shouldrevealanunderlyinggeometricstructureof themodel
underconsideration,wherequantitieslike (2.1) areexpectedto arise.

4. Relationbetweenthe KP modelanddiscretizedmoduli space

Now weturnto thedescriptionof the underlyingdifferential-geometricstruc-
ture of the Kontsevich—Pennermodel. Let usconsiderthe caseof adiscretized
moduli space.Its descriptioncanbe donemostproperly in termsof lengthsof
edgesconstitutingboundarycomponentsof the surface.We assumeall these
lengthsto be integers(probablyzero)scaledby somefactor ~. Thus,theperime-
tersP now belongto � 7÷.Thenwe canpresentthe first Chernclassof theline
bundle.~ in thesameform as above,

c1(2~)= ~ d(fla/Pi)Ad(flb/Pi), (4.1)
a,bEII
a<b

wheredflaaresymbolssatisfyingstandardrelations,dfla lie in thecotangentspace
to the continuousmoduli spacetakenatapoint (n1, ..., ~6g..6 + 3,~)which also
belongsto the discretizedmoduli space.The actionofthe externalderivatived
follows the samerulesas in the continuouscaseandthe integrationis replaced
by adiscretehalf-infinite sum.The two-formQis definedby the sameformula
(2.5),thusthe“volumeformula” (2.9) isalsopreserved.Subtletiesappearwhen
onehasto integrateoverdiscretemoduli space~ First,therearepointsin
~ which do not lie on theboundaryof themoduli spacebutatwhichsomeof
the lengths~a are equalto zero. Thesepointscorrespondto graphscontaining
verticesof ordergreaterthanthree.In thecontinuumlimit wedid not takeinto
accountsuchgraphssincetheycorrespondto subdomainsof lower dimensions
in theinteriorofthemoduli space,andbecausetheintegrationmeasureiscontin-
uouswe mayneglectthem.Now the situationhaschangedandwe shouldcon-
siderthesediagramsaswell.

Second,nowweshouldexplicitly take into accountcurveswhich arereduced
by the Deligne—Mumfordprocedure[19]. Thenthe “boundary”ofthe moduli
spaceis given by astratificationprocedure.Fortunately,we canpresentan ex-
plicit integrationoverthe boundary ~ of thediscretemoduli spacebecause
it expandsinto asumover stratawhich aredirect productsof connectedcompo-
nentsof lower genusanda numberof additionally insertedpuncturescorre-
spondingto reducedhandlesofthesurface.Doingall possiblereductionswespan
thewholeclosureof4disC:

d d’

~J Qd I J ~ — ~ J (~P~c~(.~) . (4.2)
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Hered’ < ddependson thepowerofthereduction.
A pointZa&4’~’~is aunion of s (1 ~s~n + 2g—2) connectedcomponents

1gj,n~,kj(j= 1, ..., s).EachsurfaceI~njkj hasgenusg
1,~ g~~<g,n~originalpunc-

tures~ n,=n) andk~additionalpunctures~ arisingfrom the reduction
procedure.Thelinearbundles2~areassociatedwith n~pointsofthis surfacebut
notwith thenew PJ’~.Explicitly theboundary84’~’~canbepresentedas afinite
setof disconnectedpieces;eachof them is in its turnthe directproductof lower
dimensionalclosedmoduli spacesweightedwith (— 1)Ts, r,= ~>~k~beingthe re-
ductionpower:

(4.3)

Integrationover t ~~+k~( — 1 )Ts expandsinto aproductof integralsover con-
nectedclosedcomponents,whicharegivenby knowncontinuousKontsevichin-
dices.So we conjecturethe answerfor intersectionindices on the discretized
moduli space:

2” f p1 2di ~d—r“
— I g~~d— V Fl EL... / ... \ ..L V ( 1 ‘t ts “ S’•

I — L~ 11 ~ \‘d, ‘d,1/g L~ t—’/d. 14~=d~ d1. reductions d.

sf nj 2d,,

X ~ ~ Il~T<rdItd~jT~h1kJ~>gj), (4.4)
j1 IdadjoI ~

where~ > gj arethecorrespondingKontsevichindices,d~=3g3— 3+n~+k3 andk~
insertionsof ‘r0 correspondto additionalpunctures.

The nextstepis to Laplacetransformof thevariablesp. Now weshouldsum
overPt=�, 2�,3�,.. simultaneouslytakinginto accountthat~7 P E2�Z~(every
edgena is countedtwice). A procedureis the following. We performthe trans-
form overthe variablesA~takingasumoverall PJE�Z.~.weightedwith (i)i and
releasethereal part of theexpressionobtainedafter substitutinge~Aj—~ie~’.On
the right-handsidewehave(explicitly reconstructingthe�-dependence)

_ 2d~
‘~ ~‘ — “ ~ 18\Re fl ~ e J1~(i)PJ�

2d’JP~) = J] Re~ ‘ ~‘. . (4.5)
J~ P1=O j~ VI~.j 11~~ (l+ie )

Takingasanexamplethecaseof ...to~weimmediatelygetexpression(3.5).
Onthe right-handsideweget

~ e”~”�”e~dp,A-’ Adp~

{p~}~

= $ e ~22~2dn, ~ (4.6)



162 L. Chekhov/Matrixmode/fordiscretizedmoduli space

Thelast term possessesanexplicit representationas asumoverall possiblegraphs
with fixedgenusgandnumberof cyclesn andarbitrary valencesofthevertices:

1 ~ �65_6+3nfl ~

r #Aut(F)
~ V 1

2—*vert. �6g_6+3n ~ 2

— ‘~‘ #Aut(F) M e’~”~’~—

mwg(Ai,...,An). (4.7)

This lastexpressionis in fact the free energyterm for the Kontsevich—Penner
matrix modelwith fixed gandn of theform

FN(A)_ .f DXexpNa tr{—~AXAX—~[log(l—X)+X]} (48)e — 5DX expNa tr ( — ~AXAX+ ~X
2)

wherea=l/�3 andA=diag(e~,e~2, ..., e’~”).FN(A) hasan expansionwhich
looksjust like (1.3):

FN(A)=~ (Na)2~2~a~N~trwg(A,,...,An). (4.9)

In the continuumlimit �-+0 we immediately get expression(2.2), i.e. the
Kontsevichmatrixmodel.

Thuswe havedemonstratedtherelationbetweengeometriccharacteristicsof
thediscretizedmoduli spaceandrelatedmatrixmodels.We haveshownhowthe
Kontsevichindicescanbenaturallyembeddedinto thestandardone-matrixmodel
via thePenner—Kontsevichmodel.

In conclusionweshouldnotesomeproblemsandperspectivesoftheproposed
model. First, we did not yet prove rigorously relation (4.4), andthis proofis
necessaryforthecompletenessofthetheory.Also it is interestingto takethe sum
overreductionsmoreexplicitly (in thecombinatorialsense)- A secondinterest-
ingproblemto solveisto findthedescriptionofjustthePennermodelin thecase
of thediscretizedmoduli space.Formula (3.2) shouldbemodified sincein this
casethe volume of the stabilizer (symmetry group) taken at the (infinite)
boundarypoint might not be infinite but ratherproportionalto somepositive
powerofe, thediscretizationparameter.Also it is interestingto developthis ap-
proachfor thecaseof GKM, wheremostsubtlegeometricinvariantsareconsid-
ered.

I amgrateful to G. Falqui,V. Fock, A. Gerasimov,A. Losev,Yu. Makeenko
andA. Mironov for numerousvaluablediscussions.
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